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INTRODUCTION
The literature on the valuation of floating rate notes is not very large and the first theoretical contribution was made at the start of the eighties. More recently, the valuation of such securities has only been studied in connection with interest rate swaps, with the focus on the variable leg. Cox Ingersoll and Ross [CIR; 1980] , were the first to apply the instruments of modern finance to floating rate instruments in continuous time. In the first place they examined the immunization properties of such securities on the hypothesis of continuous and discrete payments; then, assuming a dynamic for the instantaneous interest rate of the type dr = sr 3/2 dz, they obtained closed form solutions to the problem of valuing floating rate consols with various contractual conditions (minimum or maximum coupon, early redemption option, etc.). Finally, they extended the analysis to the case in which there is a credit risk of the issuer. Ramaswamy and Sundaresan [1986] started by describing the features of the floating rate notes in circulation in the US market and, by examining their prices, revealed the substantial discount compared with their face value; assuming a dynamic of the type dr = к(θ -r)dt + σ√r − dz (square root model) for the instantaneous interest rate, they then considered various contractual conditions in numerically valuing a five-year security with a continuous coupon equal to an exponential mean of the instantaneous rates observed previously. Finally, since the model was unable to explain the large price discounts, 1 they introduced a second state variable consisting of the instantaneous premium for the risk of the issuer becoming insolvent and concluded that the discounts observed could only be explained on the hypothesis of much smaller spreads than those required by the market.
2 Barone and Cesari [1986] , after using a two-stage procedure to estimate the same one-factor model of the square root type, used forward approximation 3 to value floating rate Italian Treasury credit certificates (CCTs). The model was unable to explain the large discounts present in the prices of these securities; the extra riskiness, extraneous to the model, was quantified by considering the price elasticity of the basis risk.. 4 Castellani, De Felice and Moriconi [1989] , used the same square root model to derive a closedform solution to the problem of valuing stochastic zero coupon bonds, i.e. of securities with a single floating rate elementary coupon. They then broke down the risk on such securities into two components (the discount risk and the coupon risk). Sundaresan [1991a] put forward, in the same theoretical context, a closed-form formula for the valuation of floating rate elementary coupons. He then extended the result to the case of a two-factor model in which the second state variable is represented by the instantaneous premium against the risk of the issuer becoming insolvent.. This paper starts with a description of the contractual features of CCTs and then points out the difformities compared with the theoretical prescriptions ( §2.1). The theoretical value of CCTs is then represented as the sum of both deterministic and uncertain future payments, discounted using the appropriate factors ( §2.2)).
The next section describes the theoretical environment for the valuation of CCTs, with special reference to the floating rate coupons. After introducing the forward risk-adjusted process, defined by the Separation Theorem ( §3.1), a simple generalization of the formula for valuing an elementary floating rate coupon is presented ( §3.2). Specifically, the formula permits the valuation of floating rate coupons when the base yield is forward and quoted for an interval different from the reference period (e.g. an annual yield which has to be transformed, under compound interest, into the semiannual equivalent).
A sensitivity analysis is then carried out to test the effects on the value of the floating rate coupons of changes in the state variable (the instantaneous interest rate), the parameters of the model and the contractual features of these elementary securities ( §3.3). A test is then made of the accuracy of the forward approximation used in other studies ( §3.4).
The third section first extends the formula for valuing elementary coupons to the case of CCTs linked to the gross yield on Italian T-bills. This is necessary when the pre-tax prices of Tbills are modeled ( §4.1). Besides, in order to obtain a valuation formula in the case of a link with average yields, portfolios consisting of several coupons with the same payment date are considered ( §4.2).
To permit the model to express below par theoretical values of CCTs, even with large spreads with respect to the reference parameter, an additional parameter has been added that captures the extra riskiness perceived by operators, especially as regards the future representativeness of the base yields ( §4.3).
The fifth section consists of an extensive empirical test. After describing the sample ( §5.1 and the estimation methodology ( §5.2), we show the coefficients and residuals of the regressions, respectively in sections ( §5.3) and ( §5.4) Finally, a test is made of the correspondence between the T-bill yields implicit in the prices of CCTs and those observed at auction ( §5.5).
The paper ends with a number of conclusions.
ITALIAN TREASURY CREDIT CERTIFICATES (CCTs)

Features
The features of CCTs, which were first issued in July 1977, 5 have changed over the years as a result of changes in both issue rules (linkage mechanism, coupon interval, reference rate and implicit options) and tax law (Figure 1 ). The methods used for placing these securities have also changed. Table a2 in the Appendix provides a summary view of the nine different categories of CCT offered to investors and identified hereinafter by the symbols Ψ 1 , Ψ 2 , ..., Ψ 9 . 6 For each type of linkage the Table shows the interval of the CCT coupons, the period fixed for their determination, the maturity of the T-bills to which they refer, the method of determining the price and base yield of the T-bills, the methods used to determine the reference parameter and the calculation of the gross and net coupon.
An example of the process of determining the coupons is given in Table a3 and Table a4 . Table  a3 shows the dates involved in valuing a coupon: s j : the date on which j-th coupon is paid; u jk : the date on which the result of the k-th auction of the d included in the reference period; v jk : the date on which settlement is made for the T-bills bought; T jk : the date on which the T-bills are redeemed.
In turn, Table a4 shows the various steps needed to determine the value of the coupons. The four Tbill auctions held in May and June 1990 are considered, with examples of the calculations required to determine the coupons of six different types of linkage (Ψ 3 , Ψ 4 , Ψ 5 , Ψ 6 , Ψ 7 e Ψ 9 ).
The features of the CCTs currently issued (tipologia Ψ 9 ) differisce per diversi aspetti dalle prescrizioni teoriche. differ in several respects from the theoretical prescriptions. The main differences are:
-3 suspending issues of 12-month T-bills, CCTs would be comparable to fixed rate securities since the coupons would be determined with reference to the last yield observed at auction. 8 This risk, which would not exist if the base yield were an interbank rate, almost certainly entails a substantial additional cost for the Treasury. The absence of a perfect correlation be- (1977 -1991) tween the rate used for the linkage and the appropriate short-term rate conflicts with the immunization objective pursued through these securities. b) the maturity of the base yield (12 months) does not coincide with the coupon interval (6 months). This leads to positive or negative price corrections depending on whether the term structure of interest rates has an upward or a downward slope; c) the reference parameter is the arithmetic mean of the base yields observed in the four auctions of the two months that precede by one month that in which entitlement to the coupon begins (Table a3 ). The introduction of the "arithmetic mean" operator distorts the valuation process by requiring price corrections that can be negative or positive depending on the shape of the term structure. These corrections would not be necessary if the reference parameter were observed immediately before the date on which entitlement to the coupon begins d) The introduction of the "arithmetic mean" operator distorts the valuation process by requiring price corrections that can be negative or positive depending on the shape of the term structure. These corrections would not be necessary if the reference parameter were observed immediately before the date on which entitlement to the coupon begins 9 and the security is issued below par. The spread also serves to compensate holders for the risk that the reference parameter will lose its significance over time, i.e. become less closely correlated with the optimal parameter. The spread remains unchanged for the whole life of the loan; it is a predetermined percentage that is added to the reference rate and which does not change as the latter varies. Since the spread does not diminish as the maturity of the security approaches, even though the risks that justify its existence almost certainly become smaller, prices normally tend to be above par close to the maturity of the security.
With the benefit of hindsight, it is clear that if the imperfections of points b) and c) had been eliminated by linking CCTs with semi-annual (annual) coupons to the yield of 6-month (12-month) Tbills observed at the auction immediately preceding the start of coupon entitlement, the Treasury would have simplified the linkage mechanisms, thereby reducing operators' information costs while incurring an extra interest cost that, for a given first coupon, spread, tax treatment and set of contractual features (minimum coupon), would not have been greater than that actually incurred (Table a6 ).
The present mechanism benefits the Treasury when interest rates are rising, but imposes a penalty when they are falling. In 1990, for instance, the rise in interest rates during 1989 would have increased the interest payments on CCTs by 901 billion lire if the simplified linkage mechanism had been in force, while in 1987, following a long period of falling rates, they would have been 1,119 billion less than they actually were.
Theoretical value
The theoretical value of CCTs, P(r, t; s, a is given by the sum of the future net payments a = {a j }, receivable at the dates s = {s j }, discounted by the appropriate factors:
where P(r, t; s j ) is the price at time t of a pure discount bond maturing at time s j , and r is the instantaneous interest rate.
In the case of a security with a face value of one, the m net payments a = {a j } are defined as follows:
where:
9 It would be more correct to speak of a mark-up, but the term spread has become established in the market.
ā j are the known coupons (one or at the most two); ā j is the certainty equivalent at maturity of the (gross) reference parameter fixed by the h-th type of linkage (Ψ h ); θ is the tax rate on interest; ρ(x,y) is an operator that rounds x to the nearest multiple of y; 5E-6 is the notation used to indicate 0,000005; P 0 is the base price of the security at issue.
Equation (1) 
The theoretical value of a CCT is thus equal to the current value of four, deterministic or uncertain, components: the coupons that are known, the coupons that are not yet known, the spread and the face value.
FLOATING RATE COUPONS
The forward risk-adjusted process
To value CCTs recourse has been made to the Cox, Ingersoll and Ross one-factor model, which assumes the following dynamic for the instantaneous interest rate:
where κ is the speed of adjustment of the interest rate r towards its long-run average µ, σ√r − is the volatility of the changes in r and dz is a standardized Wiener process. Imposing the equilibrium condition known as the Local Expectations Hypothesis
where H = H(r, t) ) is the price of any financial asset that depends exclusively on the current term structure, -λ is the market price of the risk and rH r /H represents the elasticity of the price of the security with respect to r, it can be shown that H follows (in the interval between two successive coupons) the following stochastic differential equation:
Equation (6) represents Kolmogorov's (inhomogeneous) backward equation not of the actual process (4) but of the risk-neutral process
In other words it is r that determines prices, not r. Moreover, it is evident from equation (7) that the three original variables κ, µ and λ are "substituted" by the two variables κµ and κ+λ. Equation (6) can be solved once the appropriate boundary conditions for H (r, t; T) , have been imposed, in accordance with the features of each financial asset.
For the spot price P(r, t; T) of a pure discount bond with a residual maturity τ = T -t, , the solution of equation (6), subject to the boundary condition P(r, T; T) = 1 is 
The basis risk relative to a pure discount bond, i.e. the proportional change in the price caused by an infinitesimal change in the instantaneous interest rate (with the sign changed), is given by (8) as:
Denoting the basis risk of a zero-coupon security by δ, 
the stochastic duration of the security (D) is equal to the maturity of the pure discount bond with the same δ:
Equation (8) also enables the whole term structure of interest rates to be obtained as:
In particular:
The term structure can have a uniform upward slope, a uniform downward slope or a hump, depending on which of the following conditions is satisfied:
As regards the valuation of financial assets with a risky payoff, Jamshidian (1987) has shown that their current value is equal to the discounted value of the expected payoff provided the discounting is based on the price of a pure discount bond with the same maturity and the expected value is calculated with reference to the forward risk-adjusted process, characterized by a time varying drift:
The Separation Theorem, 11 therefore holds, and the price of a financial asset can therefore be decomposed as follows:
where the symbol Ê r,t denotes the expectation conditioned on r(t) = r and Ê r,t H(r,T;T) represents the certainty equivalent of the risky payoff relative to the financial asset in question
Elementary coupons
Taking a (r, t; u, s, Ψ) to denote the value at time t of a floating rate coupon that at time s pays an amount to be determined at time u on the basis of linkage type Ψ, we consider the case of an elementary linkage Ψ e (v, T, ξ, ω) whereby the maturity value of the coupon at time s is equal to the interest rate R (r, u; v, T, ξ, ω) determined at time u (u ≤ v < T e u ≤ s), relative to the period (v, T) and related to a time base different from the reference period by means of the coefficients ξ and ω:
The value of the coupon at the time (u) of its determination is: 
Applying the Separation Theorem, the value of the coupon at time t (t < u) is given by: 11 . See also Longstaff [1990, Equation (3) 
Equation (27) is a simple generalization of the formulas in Castellani, De Felice and Moriconi (1989) and in Sundaresan (1991a Sundaresan ( , 1991b for the valuation, respectively, of stochastic zero-coupon bonds, variable-rate payments and Eurodollar forward prices. 12 The formula permits the valuation of floating rate coupons even in the case in which the base yield is forward and related to an interval that is different from the reference period (e.g. the semi-annual equivalent, under compound interest, of an annual yield).
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It should be noted that if the interest rate R (r, t; v, T, ξ, ω) is not referred to a different interval (ξ = ω= 1) and the reference period (v, T) coincides with the residual maturity (u, s) of the security at the time u that its value is determined u = v and s = T, we have: 
It should also be noted that at the time the coupon is determined (t = u), the value given by equation (27) becomes that of an ordinary fixed rate security:
12 . Specifically, for u = v and ξ = ω = 1, we have a (r, t; u, s, Ψ e ) = β(r, t; T, s, l) -P(r, t; s), where β(r, t; T, s, l) is the value shown in Castellani, De Felice and Moriconi [1989; (37) Sundaresan [1991a; Proposition 3, p. 427] . Lastly, for u = v = s, ω =100/(Tv) and ξ = 1, we have a(r, t; u, s, Ψ e ) = P (r, t; s) [100 -G t (s)], where G t (s) is the value shown in Sundaresan [1991b; (19), p. 417] . 13 . For securities linked to forward rates, see also Moriconi [1991, p.7] . 14 . See also Cox, Ingersoll and Ross (1980) p. 393, Barone and Cesari (1986) pp. 23-25. 15 . See also De Felice and Moriconi [1992; (27) 
where ā denotes the, known, value of the coupon.
A sensitivity analysis
The current value of a floating rate coupon is a complex function of the instantaneous interest rate. Positive changes in r reduce the value of the discount factor P(r, t; u) but increase the expected value of the payoff, represented by (r, t; u) . The combined effect on a(r, t; u, s, Ψ e ) is generally positive for coupons of relatively short maturity and negative for the others Figure 2 . The function a(r, t; u, s, Ψ e ) tends towards a finite value as r tends to zero and towards zero as r tends towards infinity; it is therefore humped for coupons with a shorter maturity, while it decreases monotonically in all other cases. The effects on the floating rate coupon produced by changes in the model parameters are shown in Figure 3 , for three different values of the instantaneous interest rate. The price of this elementary security behaves in a symmetrically opposite way to that of a pure discount bond: it is an increasing (decreasing) function of the speed of adjustment к depending on whether the instantaneous interest rate is below (above) its long-run expected value, µ, and is an increasing function of µ. The value of the coupon also decreases with increases in the parameter λ, i.e. as the market price of the risk decreases, and with increases in the parameter σ which measures the volatility of the instantaneous interest rate. Figure 4 shows the effects on the coupon produced by changes in the contractual conditions: the date on which the coupon is calculated (u), the interval between the date on which the coupon is calculated and the date on which the spot rate is observed (v -u) , the reference period of the base rate (T -v) and the interval between the date on which the coupon is calculated and that on which it is paid (s -u). The first graph shows that coupons with intermediate coupon calculation dates may have higher values than the others if the term structure has a positive slope (r = 0,05 in the example). In general, however, higher values of the variables in question have a negative effect on the value of the coupon. It should be noted, moreover, that in every case an increase in the instantaneous interest rate has a positive effect on the coupons with a shorter maturity and a negative effect on all the others.
The forward approximation
It was shown earlier that determining the current value of a floating rate coupon by discounting the forward interest rate is only correct in the special case represented by equation (33). Table a7 shows the approximation errors caused by the use of the following formula, which involves discounting the forward interest rate: 16 . This question was raised by Cesari [1992, p. 225] . Overvaluations occur if the coupons are paid before the end of the reference period of the base yield (1 year in the example) and undervaluations in the opposite case. The error is very small in the latter case even if the base yield is a long-term interest rate. 17 The approximation nonetheless gets worse as the parameter σ increases.
THE REFERENCE PARAMETER OF CCTs
Tax aspects
In the following analysis we study the Italian T-bill and CCT markets from the standpoint of an individual investor. 18 In the case of CCTs the tax withheld at source (in settlement of the individual's 17 . See also El Karoui and Geman [1991, p. 60] : "Substantial information about the price and behaviour of floatingrate instruments is given by the forward rates. It is therefore available in the current yield curve. Moreover, for all practical purposes, the correcting term is small". 18 . It has been clearly shown by Rovelli [1991, pp. 21-22 ] that tax arbitrage leads to corner solutions in which different groups of investors hold only one of the various different tax categories of security. In order to minimize the total tax burden, juridical persons with large interest expenses and overheads (such as banks) should hold only securities taxed at the rate of 12.5 per cent, which provide the highest gross yield. By contrast, juridical persons with negligible interest expenses and overheads (such as insurance companies), since they are not taxed indirectly as a result of not being able to deduct these expenses, should hold only tax-exempt securities. In theory the yield differential between these two categories of security should be equal to the corporate tax rate, which is currently 47.8 per cent. In view of the size of this spread, individuals and mutual funds, which are subject to comparable treatment, should hold only taxed securities, especially those with withholding tax at 6.25 per cent.
Figure 4
Elementary coupons and contractual conditions liabilities) was deducted from the payments of interest and principal, while for T-bills, on which the tax is levied in advance, we considered the prices inclusive of the withholding tax. For instance, if we consider T-bills and CCTs with a face value of one and the same residual maturity (of less than six months), the following equilibrium condition holds for individuals:
where P BOT is the price of the T-bills (inclusive of tax); P CCT is the (cum-coupon) price of the CCTs; P 0 is the base price at issue of the CCTs; α is the gross coupon of the CCTs; θ is the tax rate.
Since the prices of the T-bills were modeled inclusive of the tax (P) a problem arises in valuing CCTs with Ψ 6 , Ψ 7 , Ψ 8 e Ψ 9 , linkages, for which the coupons are determined on the basis of the auction prices exclusive of the tax (Π).
In view of the relationship between the two prices
we have:
The value of the elementary coupon at maturity is therefore given by:
The relationship of figure (40) has been approximated by an exponential function that, for r(t) = r has the same value and the same first and second derivatives. 19 Using the moment generating function, we obtain the valuation formula (b1) shown in the Appendix (Table a8 ).
The portfolios of elementary coupons
Turning to the case of a Ψ m linkage, in which the value of the coupon at maturity s is equal to the arithmetic mean of the d interest rates 
Since the expected value of a sum is equal to the sum of the expected values, the current value of the coupon is equal to the arithmetic mean of the current values a(r, t: u k , s, Ψ e ) of the d elementary floating rate coupons that yield the interest rates
19 . This approximation gives results that are practically equal to those obtained using Taylor's series expansion with five terms. 20 . See also Ramaswamy and Sundaresan [1986; p. 259] .
Formula (42) permits the valuation of the floating rate coupons determined as the mean of several base yields.
The price of risk
The current value of known coupons, the spread and the face value can easily be calculated using the discount factors defined by equation (8) while the formulas (27) or (b1) and (42) permit the determination of the current value of the floating rate coupons with Ψ 2 , Ψ 3 , Ψ 4 , Ψ 6 e Ψ 8 , linkages, ignoring the roundings they envisage and putting ξ = 1 and
The same formulas also give a good approximation of the current value of the coupons with Ψ 5 , Ψ 7 and Ψ 9 linkages 21 . In fact:
Nonetheless, the one-factor Cox, Ingersoll and Ross model gives values, for any combination of r, к, µ, λ, σ, that are systematically higher than the actual prices at which the various categories of CCT in circulation are traded.
Theoretically, a correctly constructed floating rate security should quote at par at the coupon reset dates in the absence of a spread. With large spreads such as those foreseen for CCTs, the theoretical prices are necessarily above par, even when account is taken of the lags provided for in the linkage mechanism.
22 Unexpected increases in the instantaneous interest rate result in a reduction in the fixed components of CCTs (the known coupons, the spread and the face value) and of the floating rate coupons of longer maturity, while those of shorter maturity increase in value. For plausible values of r, the combined effect is never large enough to justify the large discounts observed in the market (Table a9 ).
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The main reason why operators quote CCTs below par is that they require a substantial compensation for the risk that the reference parameter (the T-bill yield) will lose its significance. The alternative offered by a T-bill rollover is notably less risky because operators can choose not to renew securities as they mature if the yields they offer are below those available in the market. By contrast, buying CCTs results in operators being locked into a T-bill rollover without being able to get out, except at cost, if the interest rate on T-bills loses its significance.
In practice, regardless of the reference parameter adopted for the linkage, subscribers, and generally the issuer too, are exposed to the uncertainty regarding the future correlation between the reference parameter and the short-term "market" interest rate. An ordinary floating rate security can be considered as a portfolio made up of a "theoretical" floating rate security that periodically provides the "market" rate and a swap in which the issuer undertakes to pay "the fixed component" (the 21 . To test the goodness of the approximation, we have considered the net yields at auction of the 12-month T-bills issued in the period 1969-91. The average approximation error of a(r, t; u, s, Ψ e ) for ξ = 0,5 and ω = 1 was 0.03 basis points and the maximum error 0.9 basis points. In other words the values are very small and disappear in the rounding process. 22 . See Barone and Cesari [1986, p. 32] : «Consider, for example, the first 7-year CCT, issued in November 1983, linked to 6-month T-bills with a semi-annual spread of 1 percentage point. ... The existence ... of the foregoing spurious elements resulted in a theoretical valuation of the security equal to 107.87 lire ... There evidently existed a riskiness extraneous to the model that required a discount of around 8.5 per cent (7.87 + 0.75) on the issue price, set equal to 99.25». 23 . The results shown in Table A9 are in line with those published by Cesari [1992; p. 209] and Drudi and Scalia [1992; p. 22] . For evidence to the contrary, see De Felice and Moriconi [1992; pp. 344 and 349] . spread) and receives the "variable component" (the difference between the market rate and the reference parameter).
In the rest of this paper in order to take account of the additional riskiness regarding the future significance of T-bill yields, we assume operators determine the expected values of coupons that are not yet known on the basis of a different risk parameter (λ = λ 2 ) from the one used to discount the payments that are certain (λ = λ 1 ).
This led to the definition of the variable
and to the hypothesis that the elementary coupons are valued on the basis of the following formula:
where P(r, t; u) is calculated, using equation (8), on the basis of (κµ, κ + λ 1 , σ) and F(r, t; u; ζ) is calculated, using equation (27) or (b1), on the basis of (κµ, κ + λ 2 , σ) or, in other words (κµ, κ + λ 1 , σ, ζ).
The greater the risk of a future loss of T-bill significance, the higher the value of ζ. This variable is primarily an (inverse) proxy of operators' confidence in the Treasury, but it could also reflect changes in the liquidity of the secondary market. 
EMPIRICAL TEST
Data
The size of the CCT secondary market is shown in (Table a10) . Specifically, 34 CCTs were traded at the end of 1983 with a face value of 77,250 billion lire, while at the end of 1991 there were 88 with a face value of 439,091 billion. Turnover in these securities rose from 1,780 billion lire in 1983 to 421,444 billion in 1991. The period chosen for the empirical test (from 30 December 1983 to 21 August 1992) includes 2,171 working days. The data, observed for each day, cover the quotes of all the government securities 25 listed on the Milan Stock Exchange and the related turnover. In addition, we have observed the weighted average prices and related turnover of the securities listed on the screen-based market that began operations on 16 May 1988. For the securities quoted on both markets, we have used the screen-based market price, adopting the average of the best bid and offer prices observed at the close when a particular security was not traded. In total, the estimate is based on 261,826 prices and related turnover figures, of which 57.1 per cent refer to CCTs.
Since government securities are quoted ex-coupon 26 and are traded for cash, with settlement on the third working day following the trade, prices have been calculated inclusive of the interest accrued (cum-coupon prices) by adding to the ex-coupon prices the share of the current coupon, net of any withholding tax, accruing (on the basis of simple interest and the business year) from the start of entitlement date to the settlement date inclusive 24 . To explain the large discounts in the prices of CCTs compared with their par value, Rovelli [1991] considers 6 factors: 1) the perception that the reference parameter may be forced below the equilibrium level; 2) the pressure of the supply of CCTs in the primary market; 3) the imperfections of the secondary market; 4) the weakness of the demand; 5) the reduction in the current value of the spreads; 6) the reduction in the current value of the known coupon. The parameter ζ may measure the combined effect of the first four factors. 25 . Except for Treasury certificates in ECUs, index-linked certificates and Rendita. Thus the estimate covers T-bills, BTPs, CTOs, CCTs, CTSs, fixed rate certificates and Redimibili (including issues to finance school building programmes) and Cassa Depositi e Prestiti securities. 26 . Except for the Rendita and the Redimibili, which are quoted cum-coupon.
The features of the coupons that are not known are assumed to remain unchanged; i.e. we assumed that the frequency of T-bill auctions will remain the same (twice in a month) and that each coupon can therefore be considered as the mean of four mini-coupons. The maturity of these mini-coupons has been determined on the basis of a forecast of the calendar for T-bill issues.
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Methodology
The model was estimated using a methodology similar to that reported in Barone and Cuoco [1991, pp. 15-19] . 28 It was postulated that, for each of the n securities observed at a certain date:
where P represents the actual (cum-coupon) price of the i-th security, P i the theoretical price, which for CCTs is defined by equation (3), and u i the error term. Before carrying out the estimate, it was assumed that the variance of the error was inversely proportional to the turnover. 29 i.e. that the dispersion of the errors was greater for securities traded in a thin market. Accordingly, in order to render both the members of equation (46) homoschedastic, they were multiplied by the square root of the turnover (expressed in billions of lire). 30 The vector (r, κµ, κ +λ 1 , σ, ζ) , which minimizes the sum of the square of the errors, was then estimated on a daily basis using Marquardt's algorithm. 31 An example of the calculation of the theoretical value of a CCT is given in Table a11 . Table a12 shows some statistics on the estimates obtained for (r, κµ, κ + λ 1 , σ, ζ). The movements in the instantaneous interest rate are fairly close to those found by Barone, Cuoco and Zautzik [1991] on the basis of listed Italian Treasury bonds Figure 5 . 27 .As a general rule the date of the settlement (and the maturity) of the T-bills sold at auction is fixed as the 15th and 30th of the month, or if either of these dates is a holiday as the first subsequent working day. Bids normally have to be delivered to the Bank of Italy on the second working day before the settlement day for end-month auctions and on the third day before the settlement day for mid-month auctions. Bids have to be delivered by midday of the day fixed.
Estimates
The result of mid-month auctions is announced in the late afternoon of the same day and that of end-month auctions in the early afternoon of the following day.
The securities are listed on the screen-based market the day after the announcement of the result of the auction. 28 . For a different approach, see Majnoni and Scalia [1992] , who estimated the CIR model on Italian data using the generalized moments method. 29 . Thus rejecting the hypothesis that the true equilibrium prices are those at which no trading occurs.
The basis of this hypothesis ("if the prices of securities are in equilibrium, nobody has an interest in trading") ignores the imperfections of the market. The prices of the securities that are not traded may be out of line but arbitrage is rendered unprofitable by transaction costs (if the securities exist only in very small quantities or are not widely held). 30 .The weighting is thus different from that used by : applying the Breusch-Pagan test to the weighted residuals, the null homoschedasticity hypothesis was not rejected for 46 per cent of the data observed.
The weighting adopted made it unnecessary to eliminate the outliers as required in the earlier work 31 The calculation program was made subject to the constraint that the ratio between the values of the parameters in successive iterations should not be less than 0.3 or greater than 3.
The maximum number of iterations was fixed at 99 and that of subiterations at 10. The initial value of the parameter defining the optimal step length was set at 0.1. The convergence criterion adopted was ε = 0,1.
The initial values of the coefficients (r, κµ, κ +λ 1 , σ, ζ) were: 0.10553, 0.27570, 0.27157, 28.361 and 0.081291. The revision of the initialization coefficients was attempted without success: the estimates for consecutive days often remained unchanged, with the algorithm "blocked" on local minima. For a case with the opposite result, see Majnoni and Scalia [1992, p. 22] .
By contrast, compared with the earlier results, the long-run asymptotic rate is much less erratic, especially in the last part of the period. This reflects the larger sample, the different weighting criterion and the growth of the secondary market for government securities.
It can also be seen that the drift of the risk-neutral process (7), which adjusts to the dynamic of the instantaneous rate, is positively correlated with the differential between the long-run asymptotic rate and the instantaneous rate.
The daily estimates of the coefficient σ√r − , relative to the stochastic component of the process, show a falling trend that is in line with the changes in the historical volatility of the instantaneous interest rate, as measured by the standard deviation of the daily changes observed in the previous year (253 observations).
Overall, the parameters κµ, κ + λ and σ were found to be sufficiently stable, in contrast with ζ ( Figure 6 ). Specifically, the estimates of σ r are slightly below those obtained by Barone, Cuoco and Zautzik [1991] , probably owing to the inclusion in the sample of Italian Treasury option certificates, since their implicit options are particularly sensitive to this parameter.
Residuals
The mean value of the unweighted residuals is 0.22 for the whole sample and 0.11 for CCTs on their own, with a standard deviation of respectively 1.25 and 0.66. Since the algebraic sum of the weighted residuals is null by construction, a positive mean value of the unweighted residuals indicates that the securities with a thin market tend to be overvalued compared with those that are more heavily traded.
Figure 5
The instantaneous and asymptotic rates and the risk-neutral process
In order to highlight any systematic features, the weighted residuals for the whole sample were regressed on seven dummies that identify the securities different from CCTs (T-bills, BTPs, CTSs, CTOs, Treasury fixed rate certificates, Redimibili and Cassa DD.PP. securities). The results of the regression suggest there are regularities in the residuals (Table a13) , with signs that are generally not constant over time.
In particular, in 1991 the market appears to have overvalued CCTs and BTPs and to have undervalued CTOs and CTSs. The low values of the DW statistic indicate that, owing to the existence of positive autocorrelation, the errors tend to maintain the same sign among the securities with similar maturities. The uncorrected R 2 , of the regressions are generally not high The weighted residuals of the CCTs were then regressed on seven dummies that identify the different types of linkage: Ψ 3 ,...,Ψ 9 . In the last of the years considered operators appear to have overvalued the Ψ 4 and Ψ 8 , both of which have annual coupons.
The valuation problems arising from tax law have been highlighted by regressing the weighted residuals on two dummies that identify the 6.25 per cent and 12.5 per cent tax regimes. The results show that for individual investors the CCTs subject to the 6.25 per cent withholding tax were considerably undervalued, while the tax-exempt CCTs were overvalued.
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Lastly, the weighted residuals of the CCTs with the current (Ψ 9 ) linkage mechanism were regressed on the spread, the residual maturity and the stochastic duration, as defined by equation (16). The market appears not to value the riskiness of these CCTs correctly since it overvalued those with a long stochastic duration. It appears to err in the opposite direction in the case of securities with a larger spread, which were clearly undervalued in 1991. 32 . The overvaluation of the tax exempt CCTs fits with the considerations sub footnote 16.
Figure 6
The parameters of the model -18 -The differentials between the actual and theoretical prices of the government securities listed on 21 August 1992 are shown in Figure 7 and Figure 8 . The same data, together with other information (actual and theoretical ex-coupon prices, cum-coupon prices, stochastic duration and turnover) are given in Table a14 .
On the date in question the BOTs of all maturities, the shorter maturity BTPs, the early issues of CTOs (especially the first) and some other thinly traded securities 33 appear overvalued ( Figure 7 ). As regards CCTs, a certain degree of systematicness can be seen in the errors of those with Ψ 4 e Ψ 5 , linkages, both of which have annual coupons: the securities with a longer stochastic duration, generally those with a recently determined coupon, were overvalued compared with the others, probably as a result of an underestimation of the risk inherent in such securities Figure 8 . By contrast, the Ψ 9 linkage securities to be undervalued were those with a shorter residual maturity.
If on the date in question the market had not perceived an extra risk in connection with CCTs (ζ = 0), the prices of these securities would have been 2.2 percentage points higher on average.
The changes in the residuals of a single issue are illustrated in Figure 9 , which shows the excoupon and theoretical prices of the CCT 3/1/97. The small divergences between the two series indicate that the model describes market prices sufficiently well. The figure also shows the stochastic duration of the same security. It increases as the coupon becomes increasingly determined with each 33 . Specifically, fixed rate Treasury certificates issued in exchange for CCTs. The face value of 7 of the 10 listed issues was very small, ranging from 25 million lire to 9.1 billion.
Figure 7
Differentials between actual and theoretical prices 1 auction of the reference T-bills and at the moment the coupon is detached; it then decreases steadily until the first auction contributing to the determination of the next coupon. 
The forward rates of Italian T-bills implicit in the prices of CCTs
As was shown in section §4.3, the parameter ζ summarizes the extra risk perceived by operators in connection with the particular reference parameter used for the linkage of CCTs. It is by means of this parameter that the expectations implicit in the term structure are corrected to take account of the current or prospective misalignment of the prices of T-bills compared with the theoretical prices for the same maturities. In the ten years considered the parameter ζ was far from being constant: it increased considerably from the second half of 1987, rising to a peak between 1989 and 1990 and then decreasing again Figure 6 . The changes in f are not easy to explain and may also reflect pure alarmism or a liquidity crisis in the secondary market for CCTs. For example, the increase in ζ in the second part of 1987 can be attributed to the major recomposition of corporate portfolios in the period. The shift, which was due to changes in tax law, 35 was probably too rapid for a relatively small secondary market to handle. 34 . A similar representation was put forward by Professor Franco Moriconi in an IBM conference on "Il calcolo scientifico e tecnico nelle imprese, nei servizi, nella ricerca" (Rome, 12-13 November 1991). 35 . See, for example, Rovelli [1991, p. 22] : "... after the introduction of the tax, the coupons on old (tax exempt) bonds were indexed to the net-of-tax T-bill rate. Thus, for investors interested in comparing gross yields on different Apart from such episodes, one variable that could systematically influence the extra risk perceived by operators is the differential between the theoretical and actual yields of 6 and 12-month Tbills at auction. Positive differences, in addition to justifying the correction of CCT prices to take account of the current misalignment of T-bills, could fuel fears about the future significance of the reference parameter used in the linkage mechanism adopted for these securities. Figure 10 shows the scatter of the differentials between the theoretical and actual yields of Tbills, 36 calculated on the basis of the current term structure (λ = λ 1 ). In recent years the theoretical yields of T-bills are systematically higher than those actually recorded at auction.
A correlation is also noticeable between the degree of T-bill misalignment and the extra risk perceived by operators with respect to CCTs. The latter is represented in Figure 10 by the difference between the theoretical yields on T-bills obtained on the basis of λ = λ 1 and those obtained on the basis of λ = λ 2 . The larger the difference, the greater the extra risk perceived by operators, who react by revising downwards their expectations regarding the yields on T-bills. assets (such as banks) the relative convenience between investing in T-Bills or in CCTs was shifted in favour of the former." 36 . The actual yields were calculated, using compound interest and with reference to the calendar year, on the basis of the weighted average prices at auction plus the withholding tax. The theoretical yields were calculated on the basis of the estimates obtained for day t, where t + 3 is the date for the settlement of the T-bills offered. As can be seen, the perception of a risk of T-bill misalignment, which had decreased considerably in 1984, increases significantly in the second part of 1987, the year in which the returns on these securities began to be systematically below the theoretical values. Consequently, operators lowered their expectations regarding the future values of the reference parameters and sold the CCTs in their portfolios, thereby depressing their prices.
CONCLUSIONS
In the first part of the paper the features of CCTs were described, focusing in particular on the risk that operators perceive as being associated with the reference parameter used to link them to T-bills. This risk is different from the credit, or better seignorage, risk that influences the prices of both fixed and floating rate securities. It is a specific risk that derives from the fact that measures capable of reducing the expected interest payments on CCTs are relatively less hard to take. A simple administrative provision (suspending issues of 12-month T-bills) would, in fact, be sufficient to cancel the special immunization capacity of CCTs in a period of rising interest rates. The article therefore goes on to tackle the question of valuing CCTs, with special reference to the floating rate coupons. Each coupon is broken down into four mini-coupons, corresponding to the four T-bill auctions that determine the coupon's value.
The formula for the valuation of the elementary floating rate coupons was derived, within the framework of the one-factor Cox, Ingersoll and Ross model, by using the Separation Theorem, according to which every financial asset can be valued by discounting the certainty equivalent of the payoff using a discount factor appropriate to the maturity.
The formula adopted constitutes a simple generalization of those that have already appeared in the literature. It permits the valuation of floating rate coupons even in the case in which the interest rate used for the linkage is a forward rate and applied, on a simple or compound basis, over an interval that is different from the reference period.
While the fixed components of CCTs (the known coupons, the spread and the face value) respond in just one way to an increase in the instantaneous interest rate, the floating rate coupons respond differently: those of shorter maturity increase, while those of longer maturity decrease. By contrast, the value of the coupon generally decreases with the lengthening of one of the time measures (the time to the determination date, the forward lag, the interest rate reference period or the difference between the determination and payment dates).
A test was then made to verify whether one of the approximations most commonly used to value floating rate coupons, consisting in discounting the forward value of the base yield (fixed by the issue rules), is usually highly accurate despite its simplicity.
We then derived approximate valuation formulas to take account of the special characteristics of some of the reference parameters adopted for the linkage of CCTs.
Lastly, since the one-factor CIR model is unable to explain CCT prices that are significantly below par, an additional parameter was introduced that measures the risk of misalignment between the base (T-bill) yields and market rates.
The theoretical development of the model is supplemented by an empirical test. The term structure of interest rates was estimated daily for a period of nearly ten years. The term structures, obtained by means of non-linear regressions and covering the whole range of listed government securities (262,000 observations), were biased towards the most widely traded securities by weighting the observations on the basis of turnover. The five estimates obtained for each day (the instantaneous interest rate and four parameters) provide a satisfactory summary of all the information contained in the secondary market for government securities.
In particular, CCT prices contain the market's expectations regarding the future yields on Tbills. These expectations, which operators adjust to take account of the risk of a current or prospective loss of significance, have been extracted. The conclusion this paper reaches is that the perception of a risk of T-bills being misaligned implicit in the depressed prices of CCTs is not unjustified, and is actually confirmed by T-bill auction rates being systematically below those available in the secondary market.
Further analysis of the intertemporal properties of the estimates obtained will make it possible to assess the relevance of the approach adopted for operational purposes. 
The unit of time adopted is the 365-day year.
2 T-bills of duration ι issued at the k-th auction valid for the determination of the j-th coupon.
3 Qιjk: securities allocated to operators, including the Bank of Italy, of which Qc in respect of competitive bids and Qnc in respect of non-competitive bids; qιjk: securities allocated to operators, excluding the Bank of Italy. 4 The adjustment factor is explicitly provided for in the rules for the CCTs subject to tax at the rate of 6.25 per cent. 5 The price for the placement with the public of securities issued at predetermined conditions, auction price for securities sold by auction without the right of subscription and auction base price for securities sold by auction with the right of subscription. 2-11-1987 ...
...
Semi-annual " "
1 The dates of the first and last issues are shown for each mechanism, together with the last maturity. 2 When T-bills with the reference maturity are not issued in one of the reference months, account is taken only of the yield of the month in which they were issued. In the event that T-bills are not issued in any of the reference months, the base yield is equal to the latest available figure. (segue) 1. The theoretical coupons were calculated, other conditions (first coupon, spread, tax treatment, minimum coupon) being equal, on the assumption that the CCTs with semi-annual (annual) coupons are linked to the yield on 6 (12) month T-bills observed at the auction immediately preceding the date of the start of coupon entitlement. P(r, t, u) F(r, t; u) The values of the model parameters considered are as follows: κθ = 0.02, κ + λ = 0.154, σ = 0. 05, 0.15, r = 0.05, 0.125, 0.20 (respectively a rising, humped and falling term structure of interest rates). It was also assumed that the base yield is represented by a spot interest rate at 1, 3, 5, 7 and 10 years, observed at the time u = 1, 5, 10, annualized [ξ = 1/(T -v)] and expressed as a percentage (ω = 100). Lastly, it is assumed that the coupons are paid on the date the base yield is determined (s = u) or matures (s = T). The value of the elementary coupons was calculated on the basis of equation (27) and compared with the approximation obtained by using equation (36). -02-1991 10-05-1990 15-05-1990 15-05-1991 0.6027 ---5.877229 -5.538046 28-05-1990 30-05-1990 30-05-1991 ---5.512072 -12-06-1990 15-06-1990 15-06-1991 ---5.359611 -27-06-1990 29-06-1990 28-06-1991 0.0027 0.0082 1.0055 -5.403273 -08-1991 12-11-1990 15-11-1990 15-11-1991 1.0986 0.3808 0.3890 1.3890 -5.167228 5.169258 28-11-1990 30-11-1990 29-11-1991 Relative to the two months that precede by one month the month in which the date of the start of coupon entitlement falls 3 The value of the mini-coupons that are not yet known was determined using the formulas (b1) and (42), with ξ = 0,5 and ωk = [ι/(12τk)], on the basis of the values of β reported above. 4 Calculated as the arithmetic mean of the mini-coupons. 5 Net of withholding tax and then rounded. 6 The time, expressed in years, between the settlement and payment dates. The theoretical values were calculated on the basis of the Cox, Ingersoll and Ross model with the coefficients r, φ1, φ2, φ3, ξ equal respectively to 0. 13318, 0.27545, 0.27182, 26.758, 0.11153. 
